In this work, we define the concept of G-monotone nonexpansive multivalued mappings defined on a metric space with a graph G. Then we obtain sufficient conditions for the existence of fixed points for such mappings in hyperbolic metric spaces. This is the first kind of such results in this direction. Primary 47H09 ; secondary 46B20; 47H10; 47E10
Introduction
Fixed point theorems for monotone single-valued mappings in a metric space endowed with a partial ordering have been widely investigated. These theorems are hybrids of the two most fundamental and useful theorems in fixed point theory: the Banach contraction principle ([], Theorem .) and the Tarski fixed point theorem [, ] . Generalizing the Banach contraction principle for multivalued mapping to metric spaces, Nadler [] obtained the following result.
Theorem . [] Let (X, d) be a complete metric space. Denote by CB(X) the set of all nonempty closed bounded subsets of X. Let F : X → CB(X) be a multivalued mapping. If there exists k ∈ [, ) such that H F(x), F(y) ≤ kd(x, y) for all x, y ∈ X, where H is the Hausdorff metric on CB(X), then F has a fixed point in X.
A number of extensions and generalizations of the Nadler theorem were obtained by different authors; see for instance [, ] and references cited therein. The Tarski theorem was extended to multivalued mappings by different authors; see [, -]. Investigation of the existence of fixed points for single-valued mappings in partially ordered metric spaces was initially considered by Ran and Reurings in [] who proved the following result.
Theorem . [] Let (X, ) be a partially ordered set such that every pair x, y ∈ X has an upper and lower bound. Let d be a metric on X such that (X, d) is a complete metric space. Let f : X → X be a continuous monotone (either order preserving or order reversing) mapping. Suppose that the following conditions hold:
() There exists k ∈ [, ) with The aim of this paper is two folds: first to give a correct definition of monotone multivalued mappings, second to extend the conclusion of Theorem . to the case of monotone multivalued mappings in metric spaces endowed with a graph.
Preliminaries
It seems that the terminology of graph theory instead of partial ordering gives a clearer picture and yield interesting generalization of the Banach contraction principle. Let us begin this section with terminology for metric spaces which will be used throughout.
Let G be a directed graph (digraph) with set of vertices V (G) and a set of edges E(G) contains all the loops, i.e., (x, x) ∈ E(G) for any x ∈ V (G). We also assume that G has no parallel edges (arcs) and so we can identify G with the pair (V (G), E(G)). Our graph theory notations and terminology are standard and can be found in all graph theory books, like [ 
letter G denotes the undirected graph obtained from G by ignoring the direction of edges. Actually, it will be more convenient for us to treat G as a directed graph for which the set of its edges is symmetric. Under this convention, Clearly G x is connected.
Next we introduce the concept of hyperbolic metric spaces. Indeed let (X, d) be a metric space. Suppose that there exists a family F of metric segments such that any two points x, y in X are endpoints of a unique metric segment
where β ∈ [, ]. Such metric spaces with a family F of metric segments are usually called convex metric spaces [] . Moreover, if we have
for all p, q, x, y in X, and α ∈ [, ], then X is said to be a hyperbolic metric space (see [] ).
Obviously, normed linear spaces are hyperbolic spaces. As nonlinear examples, one can consider Hadamard manifolds [] , the Hilbert open unit ball equipped with the hyperbolic metric [] , and CAT() spaces [-]. We will say that a subset C of a hyperbolic metric space X is convex if [x, y] ⊂ C whenever x, y are in C. Definition . Let (X, d) be a hyperbolic metric space. A graph G on X is said to be convex if and only if for any x, y, z, w ∈ X and α ∈ [, ], we have
Next we introduce the concept of monotone multivalued mappings. In [], the authors offered the following definition.
X be a multivalued mapping with nonempty closed and bounded values. The mapping F is said to be a G-contraction if there exists k ∈ [, ) such that
and if u ∈ F(x) and v ∈ F(y) are such that
In particular, this definition implies that if u ∈ F(x) and v ∈ F(y) are such that
, which is very restrictive. In fact in the proof of Theorem . in [], the authors try to construct an orbit (x n ) such that (x n , x n+ ) ∈ E(G), for any n ≥ , but this fails to happen according to Definition .. Our definition of G-contraction multivalued mappings is more appropriate. It finds its roots in [] . In the sequel, we assume that (X, d) is a metric space, and G is a directed graph (digraph) with a set of vertices V (G) = X and the set of edges E(G) contains all the loops, i.e., (x, x) ∈ E(G), for any x ∈ X.
Definition . Let (X, d) be a metric space and C a nonempty subset of X.
(ii) We say that a mapping
(iv) A multivalued mapping T : C →  C is said to be monotone increasing (resp. decreasing) G-contraction if there exists α ∈ [, ) such that for any x, y ∈ C with (x, y) ∈ E(G) and any u ∈ T(x) there exists v ∈ T(y) such that
Similarly we will say that the multivalued mapping T : C →  C is monotone increasing (resp. decreasing) G-nonexpansive if for any x, y ∈ C with (x, y) ∈ E(G) and any u ∈ T(x) there exists v ∈ T(y) such that
x ∈ C is called a fixed point of a single-valued mapping T if and only if T(x) = x. For a multivalued mapping T, x is a fixed point if and only if x ∈ T(x). The set of all fixed points of a mapping T is denoted by Fix(T).
Main results
We begin with the following well-known theorem, which gives the existence of a fixed point for monotone single-valued and multivalued contraction mappings in metric spaces endowed with a graph. 
Let f : X → X be a G-contraction, X f := {x ∈ X : (x, f (x)) ∈ E(G)}. Then the following statements hold:
has a unique fixed point if and only if there exists an
() If X f = ∅ and G is weakly connected, then f is a PO, that is, f has a unique fixed point x * ∈ X and for each x ∈ X, lim n→∞ f n (x) = x * .
The multivalued version of Theorem . may be stated as follows.
Theorem . [] Let (X, d) be a complete metric space and suppose that the triple (X, d, G) has property ( * ). We denote by CB(X) the collection of all nonempty closed and bounded subsets of X. Let T : X → CB(X) be a monotone increasing G-contraction mapping and X T := {x ∈ X; (x, u) ∈ E(G) for some u ∈ T(x)}. If X T = ∅, then the following statements hold: () For any x ∈ X T , T| [x] G has a fixed point. () If x ∈ X with (x,x) ∈ E(G) wherex is a fixed point of T, then {T
n (x)} converges tox.
() If G is weakly connected, then T has a fixed point in
G. () If X := {[x] G : x ∈ X T }, then T| X has a fixed point in X. () If T
(X) ⊆ E(G) then T has a fixed point. () Fix T = ∅ if and only if X T = ∅.
Remark . The missing information in Theorem . is the uniqueness of the fixed point. In fact we do have a partial positive answer to this question. Indeed ifū andw are two fixed points of T such that (ū,w) ∈ E(G), then we must haveū =w. In general T may have more than one fixed point.
Remark . If we assume G is such that E(G) := X × X then clearly G is connected and Theorem . gives the Nadler theorem [].
The following is a direct consequence of Theorem ..
Corollary . Let (X, d) be a complete metric space. Let G be a graph on X such that the triple (X, d, G) has the Property ( * ). If G is weakly connected then every G-contraction T :
X → CB(X) such that (x  , x  ) ∈ E(G), for some x  ∈ X and x  ∈ T(x  ), has a fixed point.
Next we discuss some existence results for nonexpansive single-valued and multivalued G-monotone mappings. To the best of our knowledge, these results were never investigated for such mappings.
Theorem . Let (X, d) be a complete hyperbolic metric space and suppose that the triple (X, d, G) has property ( * ). Assume G is convex. Let C be a nonempty, closed, convex, and bounded subset of X. Let T : C → C be a G-nonexpansive mapping. Assume C T
In particular, there exists an approximate fixed point sequence (x n ) in C of T , i.e.,
Proof Fix a ∈ C. Let λ ∈ (, ) and define T λ : C → C by
If (x, y) ∈ E(G), then we have (T(x), T(y)) ∈ E(G), since T is G-edge preserving. Moreover, since G is convex and (a, a) ∈ E(G), we obtain
i.e., T λ is G-edge preserving, and y) . In other words, T λ is a G-contraction. It is easy to see that C T ⊂ C T λ . Hence C T λ is not empty. Theorem . implies the existence of a fixed point ω λ of T λ in C. So we have
The proof of Theorem . is therefore complete.
In order to obtain a fixed point existence result for G-nonexpansive mappings, we need some extra assumptions.
Definition . We will say that G is transitive if, for any two vertices x and y that are connected by a directed finite path, we have (x, y) ∈ E(G).
Note that if the triple (X, d, G) has property ( * ) and G is transitive, then we have the following property:
Definition . We will say that a nonempty subset C of X is G-compact if and only if for any (x n ) n≥ in C, if (x n , x n+ ) ∈ E(G), for n ≥ , then there exists a subsequence (x k n ) of (x n ) which is convergent to a point in C.
Note that G-compactness does not necessarily imply compactness. Indeed, consider the metric set X, subset of R  , built on a cone routed at the origin. All rays are bounded and compact. But X is unbounded. Define the graph G on X by (x, y) ∈ E(G) if and only if x and y are on the same ray. Then any sequence (x n ) ∈ X such that (x n , x n+ ) ∈ E(G), for n ≥ , will belong to a ray. Hence (x n ) has a convergent subsequence. This shows that X is G-compact but fails to be compact.
Theorem . Let (X, d) be a complete hyperbolic metric space and suppose that the triple (X, d, G) has property ( * ). Assume G is convex and transitive. Let C be a nonempty, G-compact and convex subset of X. Let T : C → C be a G-nonexpansive mapping. Assume
Proof Since C T is not empty, choose x  ∈ C T . Let (λ n ) be a sequence of numbers in (, ) such that lim n→∞ λ n = . As in the proof of Theorem ., define the mapping T  : C → C by
The property ( * * ) implies that (x  , x  ) ∈ E(G). By induction, we construct a sequence (x n ) such that x n+ is a fixed point of T n+ : C → C defined by
obtained as the limit of (T k n+ (x n )) k≥ . In particular, we have (x n , x n+ ) ∈ E(G), for any n ≥ . Since C is G-compact, there exists a subsequence (x k n ) which converges to ω ∈ C. Since G is transitive, the property ( * * ) implies that (x k n , ω) ∈ E(G). Using the G-nonexpansiveness of T, we conclude that
Hence (T(x k n )) converges to T(ω). Since x n+ is a fixed point of T n+ , we get x n+ = λ n+ x n ⊕ ( -λ n+ )T(x n+ ), which implies
which implies lim n→∞ d(x n , T(x n )) = . Hence (T(x k n )) converges to ω as well. Therefore we must have T(ω) = ω, i.e., T has a fixed point.
Next we investigate the above results for multivalued mappings. The first result for these mappings is the analog to Theorem .. In particular, we have lim n→∞ dist(x n , T(x n )) = , where
Proof Fix λ ∈ (, ) and x  ∈ C. Define the multivalued map T λ on C by
Note that T λ (x) is nonempty and closed subset of C. Let us show that T λ is a monotone increasing G-contraction. Let x, y ∈ C such that (x, y) ∈ E(G). Since T is a monotone increasing G-nonexpansive mapping, for any x * ∈ T(x) there exists y * ∈ T(y) such that (x * , y * ) ∈ E(G) and d(x * , y * ) ≤ d(x, y). Since
which proves our claim. Since G is convex, we get (λx  ⊕ ( -λ)x * , λx  ⊕ ( -λ)y * ) ∈ E(G).
This clearly shows that T λ is a monotone increasing G-contraction as claimed. Note that we have C T ⊂ C T λ , which implies that C T λ is nonempty. Using Theorem . we conclude that T λ has a fixed point x λ ∈ C. Thus there exists y λ ∈ T(x λ ) such that
In particular we have
which implies dist(x λ , T(x λ )) ≤ λδ(C). If we choose λ =  n , for n ≥ , there exist x n ∈ C and y n ∈ T(x n ) such that d(x n , y n ) ≤ δ(C)/n, which implies dist x n , T(x n ) ≤  n δ(C).
The proof of Theorem . is therefore complete.
The multivalued version of Theorem . may be stated as follows.
for any n ≥ . Note that d(x n , z n ) ≤ λ n d(x n  , z n ) ≤ λ n δ(C), for any n ≥ . In particular we have lim n→∞ d(x n , z n ) = . Since C is G-compact, there exists a subsequence (x k n ) which converges to some point ω ∈ C. Clearly (z k n ) also converges to ω. Using the G-nonexpansiveness of T, since (x k n , ω) ∈ E(G), there exists ω n ∈ T(ω) such that d(z k n , ω n ) ≤ d(x k n , ω), for any n. Therefore we see that (ω n ) converges to ω. Since T(ω) is closed, we conclude that ω ∈ T(ω), i.e., ω is a fixed point of T.
